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Abstract 

Motivated by the AdSe/CFTs correspondence, we study general supersymmetric 
solutions of massive type IIA supergravity, consisting of a warped product of six- 
dimensional anti-de Sitter space AdSg with a four-dimensional Riemannian manifold 
M4, and fluxes compatible with the SO(5,2) symmetry. We find that the only lo- 
cal solution of this form is the warped AdS6 x w S 4 solution, originally discovered by 
Brandhuber and Oz. We discuss the supersymmetric properties of this solution. 



1 Introduction 



The AdS/CFT correspondence [I] motivates the study of supersymmetric backgrounds of 
string theory, whose geometry possesses an SO(p — 1,2) symmetry. There is an extensive 
literature on AdS p solutions of (massive) type IIA, type IIB and eleven-dimensional su- 
pergravity for p = 2 to p = 5 (for comprehensive studies see [21 El IH El El Ej), while for 
p = 7 the only known supersymmetric background is the AdS-? x 5 4 Freund-Rubin solu- 
tion of eleven-dimensional supergravity. It is therefore natural to investigate the existence 
of supersymmetric AdSg solutions, which are expected to be dual to superconformal fixed 
points in five dimensions [H [9] . Recent studies of five-dimensional superconformal field the- 
ories and the AdSe/CFT 5 correspondence [101 [TH [12] further motivate the search of such 
solutions. 

In reference (T3] a (singular) warped AdS6 x w 5 4 solution was found in massive type IIA 
supergravity [H] , arising as the near horizon limit of a localised D4-D8 brane configuration. 
Prior to [13], the existence of this solution was anticipated in [15] , where the connection to 
Romans F(4) gauged supergravity [TB] in six dimensions and its boundary superconformal 
singleton theory was explored. The AdS6 x w 5 4 solution was also recovered in [17], where 
the F(4) gauged supergravity was obtained upon Kaluza-Klein reduction of the bosonic 
sector of massive IIA supergravity on 5 4 . The SCFT 5 dual to this AdS 6 x w S* 4 gravitational 
background was further studied in [18]. A more detailed description of the AdS 6 /CFT 5 
correspondence has recently emerged with the work of [TOj [12] . 

The superconformal group in five dimensions is F(4) and its bosonic subgroup is 5*0(5, 2) 
x SU(2)r [19] . As discussed in [13], the warped nature of the AdSg x w 5 4 metric reduces the 
50(5) isometry group of 5 4 to 50(4) ~ SU(2) R x SU(2) where SU(2) R is the R-symmetry 
group of F(4), realised as a subgroup of this isometry. 

In the present work we study the most general supersymmetric AdS6 x w M4 background 
of massive type IIA supergravity. We analyze the constraints imposed by supersymmetry 
on the geometry and the fluxes and conclude that the only background of this form is the 
known AdS6 x w 5 4 . In the course of the analysis, we discuss how the SU(2)r subgroup of 
the SO (5, 2) x 5*0(4) isometry group of this solution is realised in terms of Killing vectors 
constructed as bilinears of the Killing spinors, as expected from general arguments [20] [21] . 
Furthermore, we construct the Killing spinors of the solution. The solution preserves 16 
supersymmetries in accordance with the number of supercharges of the F(4) superalgebra. 

The rest of the note is organised as follows. In section [2] we summarise some elements of 
the massive type IIA supergravity theory, mainly to establish our notation and conventions. 
In section [3] we derive the reduced conditions for supersymmetry on M4. In section H] we 
present the analysis of the supersymmetry conditions and in section El we reproduce the 
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AdS 6 x w S 4 solution and study its supersymmetric properties. The appendices include 
some technical material used in the main text. 

2 Massive type IIA supergravity 

In this section we briefly review some elements of massive type IIA supergravity that are 
necessary for our analysis, following the conventions of reference [5]. 

The bosonic sector of massive type IIA supergravity consists of the metric g^ 10 \ the 
dilaton 0, a massive 2-form field B' and a 3-form field C. The field strengths of the form 
fields are defined as 

H — dB' , dG = dC + mB' A B' (1) 
and the corresponding Bianchi identities are 

dH = (2a) 
dG = 2mB' A H . (2b) 

The massless limit m — > is retrieved after introducing the field redefinitions 

mB' = mB + \dA (3a) 
m C' = mC -\A/\dA, (3b) 

where A, C and B become the RR 1-form, the RR 3-form and the NS 2-form potentials of 
type IIA supergravity. 

The equations of motion of the theory are 

= R MN - \V M <PV N <P - ±-e*' 2 G MPQR G N PQR + -^-e^g^G 2 - \e^H MPQ H N PQ 



+ ^g^H 2 - 2m 2 e^ 2 B' MP B'/ + ^-e 3 ^ (B>) 2 - ^' 2 g^ (4a) 

= V 2 - —e^G 2 + —e^H 2 - ^- e 3 ^ 2 (B') 2 - 5m 2 e 5 ^ 2 (4b) 

v 96 12 2 K ' K J 

= d(e^ * H) - -G A G + 2me (t>/2 B' A *G + Am 2 e^ /2 * B' (4c) 

= d(e* /2 * G) — H AG . (4d) 



For a bosonic background of a supergravity theory to be supersymmetric, the variation of 
the fermionic fields under a supersymmetry transformation must vanish i.e. there exists a 
Killing spinor e such that 5 e (fermionic field) = 0. The fermionic fields of massive type IIA 
supergravity are the gravitino \I/ M and the dilatino A. The variation of the gravitino under a 
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supersymmetry transformation is 5^/ M = V M e , where V M is the supercovariant derivative 



rnp 5<t>/4 r v 7(3 3</</4 

V w = V M - ~^-T M - -^—B' NP (T M NP - U5 M N T P ) T n 
lb 62 

I TT Cp NPQ q r NpPQ\ p _| \_ (p NPQR 20 r NpPQR\ 

H — -"ivpQ (.1 m — » <Jm J- J J- ii + 255 ArpQfl \ M ~ ~3 M ) 
while the dilatino variation reads 

I IT pAfiVPp ^ (~i pMNPQ ] 

"1 ^-nA/wpi 1 11 192 MiYPQ J ' 



(5) 



(6) 



The supersymmetry parameter e is a Majorana spinor of Spin(9, 1). 

As shown in [5], upon imposing the Bianchi identities and the equations of motion of 
the fluxes, supersymmetry implies that the dilaton and Einstein equations are satisfied, 
provided E 0M = for M ^ 0, where E MN = are the Einstein equations. 



3 AdSg x w M 4 backgrounds 

We consider the most general supersymmetric bosonic background of massive type IIA 
supergravity that is invariant under the action of SO (5, 2). Accordingly, the ten-dimensional 
metric (in the Einstein frame) is assumed to be of the form of a warped sum of a metric 
<?Ads 6 on AdSg and an arbitrary four- dimensional Riemannian metric g as 

9 m = e 2A (g AdS6 +g) . (7) 

The warp factor A is a function on M 4 . The signature of the ten-dimensional metric is 
(— , +,...,+). In conformance with the 5*0(5, 2) symmetry, the fluxes have non-vanishing 
components only on M 4 . Furthermore, the equation of motion for G sets 

G = / ie-*/ 2 - 2A vol 4 , (8) 

where fi is a constant and vol 4 the Riemannian volume form. It will prove convenient to 
introduce an abbreviation for the dual of H in four dimensions: H* = *±H. Then, the 
equation of motion for H becomes 

d(e^ +4A H*) + 2fimB' + 4m 2 e 3 ^ 2+6A * 4 B' = . (9) 

In order to study the conditions imposed by supersymmetry on the fluxes and the 
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geometry of M 4 , we decompose the supersymmetry parameter e in terms of Spin(5, 1) and 
Spin(4) spinors. The decomposition ansatz for the Spin(9, 1) Majorana spinor e is 



$>+ ® + ® ^ . (10) 



i=l i=l 



Here ipf, ip~ are symplectic-Majorana Weyl spinors of Spin(5, 1), (a plus or minus index 
indicates the chirality of the spinor) whereas r/j and £j are symplectic-Majorana Dirac spinors 
of Spin(4). The summation over the symplectic-Majorana indices % ensures that e satisfies 
a Majorana condition. The factor e A//2 is included for later convenience. The ibf and ib~ 

n 

spinors on AdSe satisfy the Killing spinor equations □ 

V^f = A7m# ■ (ii) 

The Ricci curvature of the AdS6 space thus defined is Ric = —5 • (2A) 2 gAds 6 • The spinor 
decomposition fflOl) implies that for A / both rji and £j spinors have to be nonzero. 
Furthermore, the chiral spinors r)f and r]~ form a basis for the representations of positive 
and negative chirality of Spin(4) and thus & can be expanded in terms of rji as 




— a% a 






(12) 



where a±, a?,-, b\, 62 are complex functions. A review of spinors in 4 and 5 + 1 dimensions is 
included in appendix IA1 

Decomposing the Clifford algebra Cliff(9, 1) as Cliff (5, 1) <g> Cliff(4, 0) (c.f. appendix E} 
and substituting the ansatze in the gravitino and dilatino supersymmetry variations, yields 
a set of conditions on the Spin(4) spinors. We obtain four algebraic conditions 

[{d m </> - Ud m A + 2e' I>3 ^)7 m + 4me $1 - 2/ie* 4 75 h - 24A 75 & = (13a) 

[(d m <P - 12d m A - 2e* 3 ^) 7 m + 4me $1 - 2 yU e* 4 75 ]6 - 24A 75 r/ 4 = (13b) 

[(4<9 m + 2e* 3 ^) 7 m + lOme* 1 - 3me** B' mnl mn l5 + ^ l5 } Vl = (13c) 

[(4d m - 2e^) 7 m + lOme* 1 + 3me*> B' mn y™y 5 + /ie* 4 7s ]& = (13d) 



from the dilatino variation and the AdS6 components of the gravitino variation and two 

7 ^t = ^l^ W t ^J 



1 In principle one can consider the more general Killing spinor equations = A^uJ^ - Wijipf but 



by a re-definition of tfj i , W can be set equal to the identity. 
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differential conditions 

TTiC*^*^ , jJLG 6^*^ C^*^ 

VmVi + -^ B 'mnl n l^i ^-ImlBVi ~ —K^mVi + "g-^m^ ~ ^ImlsZi = (14a) 



771 1 1 p^*3 p^*3 

V m 6 - — #L7"75& - L Tm75 ^ + _ HtfUi - "g-^ - A 7m 75^ = (14b) 



from the M\ components of the gravitino variation. In the above equations we have intro- 
duced the exponents 

$x = -0 + A, $ 2 = ^0- A, $ 3 = -2</>-2A, $ 4 = -^0-5A. 



4 Analysis of the super symmetry conditions 

The strategy for analysing equations ( 1T3|) and (I14p is to translate them into algebraic and 
differential equations obeyed by bilinears of r/j and We begin by introducing a set of 
(real) spinor bilinears which appear in our analysis. The symmetry and reality properties 
of bilinears of Spin(4) spinors are presented in appendix [Bj 



scalars 


1-forms 


2-forms 


s + := r]}r]i = \\r]i\\ 2 
S- := = ||6|| a 

s + ■= vhtty 

s- := CiTsCi 


V£ := ±tr 77+757(1)^77 iT A := \tY-q^^ {1) \a A i 
Vl := ^^7(1)77 K := jtr^Tajf 
K_ 4 :=|tr£t 7(1 )£ := §trrjt 7(1) £ 


J+ := |tr 77+7(2)10^77 
Jf :=±tr e f 7( 2) io A e 



In the above expressions we use the notation 



7(«) = ^7mim 2 ... m ^2/ mi A dy™ 2 A . . . dy f 



(15) 



where y m are coordinates on M 4 . The index A e {1,2,3} and <r A are the Pauli matrices 
acting on the symplectic-Majorana indices of the spinors; the trace tr is also over the 
symplectic-Majorana indices, e.g. = ^(?7i75 7 (i)?7i — 771 757(1)272) • A plus subscript is used 
to denote bilinears of 77^ and a minus subscript bilinears of 



2 Given a symplectic-Majorana Dirac spinor of Spin(4), s, s, V A , V 4 , 3 A are all the bilinears one can 
construct. 
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Application of Fierz identities yields the following algebraic relations for the bilinears 
of a Dirac symplectic-Majorana spinor e.g. rji 



g mn vx = W - s ) 6 ( 16a ) 

\{s 2 - s 2 ) J A = s \e ABC V B AV C + sV A AV\ (16b) 

where a,b e {1,2,3,4}. Repeated indices A,B,C,... here and henceforth are summed 
over. The Levi-Civita symbol e ABC is normalised as e 123 = 1. Equation (I16al) implies that 
V a can be used to define an orthonormal frame on M 4 i.e. rji defines an identity structure. 
This is expected since the chiral components of T]i span the chiral representations of Spin(4) 
or equivalently the isotropy group of rji in Spin(4) is the identity I. 

We proceed by stating a key set of relations for the scalar bilinears, deduced from the 
supersymmetry conditions. From (I13cf) and (113dl) we derive 



lOme* 1 ^ +/ie $4 s± = . (17) 

The above equations imply that \x = if and only if s± = 0. In the following subsections 
the two cases \i ^ and \i = will be considered separately. A judicious use of (|T3|) and 
fri4|) yields the following differential equations for the scalars 

T ds± = '—^H* + 2KK (18a) 

^/8-3A/2 d(e -^/8 + 3A/2 s±) = me *iyl ± AR (lgb) 

and 

e -3*/8-7A/2 d(e 30/B+7A/2 a±) = ^_yl + ^ (lg) 

The results presented in the following subsections can be derived in multiple ways, using 
various combinations of algebraic or/and differential conditions on spinor bilinears. 



4.1 Vanishing 4-form flux 

In this subsection we consider the case in which the 4-form flux G is zero i.e. fi = 0. We 
deduce that there are no supersymmetric AdS^ solutions in this case. As mentioned earlier, 
if n = also s± = and K' = 0, the latter following immediately from ( fl9|) . Using this 
information, the algebraic conditions (TlBl give additional constraints on scalar bilinears: 

Re( V \^) = , 4j 5 & = , Mt^i) = • ( 2 °) 
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These constraints restrict the coefficients of the expansion of & in terms of rji f[T2"j) in the 
following way 

6 = Q l5Vi + Ej QA^fj rjj (21) 

where q, q A are real functions. 

In an attempt to determine the geometry of M4 we examine the differential conditions 
obeyed by the 1-form bilinears. We find that V( m K^ = and so we conclude that the dual 
vectors of K A are Killing vectors. Furthermore, we derive the differential equations 

e 2 ^d(e~ 2 ^K A ) = 8A(J^ + J A ) (22a) 
e 2 ^d(e- 2 ^K) = Re(r/ 1 t 75 a) me* 2 * 4 B' (22b) 
dK = (22c) 

and S£ k a$ = J? k aA = where denotes the Lie derivative and (j the dual vector 
g~ 1 (K A , ■ ). A natural question that arises is to determine the algebra of these Killing 
vectors. The Killing property of the vectors and the fact that their Lie derivative leaves 
invariant the dilaton <p and the warp factor A can be exploited and compute, using (122 aft 
and Fierz identities, the commutator of the vectors. We derive 

[K A , Kf\ = -2A(s + + s„)e ABC KC (23) 

The above equation leads to the conclusion that (s + + s_) is constant. A combination of 
this fact with ffl8|) yields § s + = s_, ds± = and 

e^H* = -8AK (24a) 
me* 1 (Vi - Vt) = -2AK (24b) 

--dcj) + 3rfA = me* 1 (Kj + Vj 1 ) (24c) 

where since s± are constant and equal we have set, without loss of generality, s± = 1. In 
order to further investigate these relations, we expand K and V_ in terms of the orthogonal 
1-forms V+, using the expansion (j2"T|) of & in terms of rji. We derive 

= q A V A - qVl (25a) 
K_ 4 = 2q(q A V A - qV*) + (q 2 + q A q A )V A . (25b) 



3 We also require H* 7^ 0; if H* = then from the equation of motion for H it follows that also B' is 
zero and in that case a simple analysis of the supersymmetry conditions leads to A = 0. 
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Taking into account that s_ = (q 2 + q^qj^)s + 

V* = qK + V* . (26) 



Comparison with (124bj) then yields raq = 2Ae * 1 . From the expansion (I2ip . q = Re(^}75^ 



and for this scalar bilinear the supersymmetry conditions furnish 

e 0/4-3A rf(e -^/4+3A g) = 4A(K 4 + (27) 

Substituting the value mq = Ae - * 1 derived above it follows that 

- ^d<j) + 2dA = 2me $1 (V* + K_ 4 ) . (28) 

Combining this equation with fl24c[) yields dcj) = — 4dA and hence <fi = — 4A + c where c is 
a constant. For this value of the dilaton, e~ c ^ 2 H* = —8AK and so f l22b[) and the equation 
of motion (EJ) become respectively 

d(e 8A H*) = -16e 8A A 2 * 4 B' (29a) 
d(e 8A H*) = -4e 3c/2 m 2 * 4 5' (29b) 



We thus conclude that either A is constant or B' = 0. In the former case equations (I22bjl 
and f l22cl) lead to 

2Ae- c / 2 * 4 5' = . (30) 

Hence B' = in both cases. Since if = cIB', we also have H* = K = 0. From the 
expansion of K (I25aj) in an orthogonal basis, we see that g = = and hence £j = 0, 
which is inconsistent with A / 0. 



4.2 Non- vanishing 4- form flux 

We start by showing that s_ = s + . One way to derive this is as follows: from the algebraic 
conditions (pUk]) and ffTMl) one obtains H* m K' m = while ffT3il) and ( pb) yield e^H* m K' m = 
6A(s_ — s + ). Hence s_ = s + @. Inspection of equations (fTTl) . ( ITHj) and ( fl~9]) then gives 

s_ = s + = s, V} = Vi, K = H* = 0. (31) 
4 Recall that /i 7^ implies s± 7^ 0. 
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For H* = 0, the supersymmetry conditions fl!3cj) and f!13dj) yield the equations 

± <ty A V£ = — ^— (s± * 4 5' - s±B') . (32) 

Taking into account fl3~TT) and s_ = s + = s we arrive at 

£'(s 2 - s 2 ) = 0. (33) 

Consequently, either B' = or s = ±s. The latter case is equivalent to 75^ = ±7^ 
and 75^ = ±£j (chiral spinors) and in this straightforward combination of the 

supersymmetry conditions f|T3|) and (|T4"1) result in A = 0. Therefore, we proceed with the 
first case. 

For B' — and if* = 0, from equations (I13aj) or ( 113bl) and the symmetry properties 
of the 1-form and scalar bilinears, it follows that ^{75^2 = = Im^j^^i). Then from 
equations f !13cj) and ( 113dj) we derive 77^2 = = Im(ryJ^i). These constraints on the scalar 



bilinears, together with = s + and s_ = s+, restrict the coefficients of the expansion of 
£i in terms of 77* f |T2l as 

a 2 = 6 2 = 0, a 1 = ±l, h = ±1 . (34) 

Equivalently £3 = ±773 or = ±75^. Assuming rji = ±75^, the supersymmetry conditions 
give A = 0. Then the only possibility left is £j = ±^0. Different signs produce the same set 
of conditions with a different sign for A and so, without loss of generality, one can choose 
either. 

5 The AdS 6 x w S 4 solution 

In this section we study the remaining case which - without loss of generality - is rji — It 
is convenient to write down the corresponding simplified set of supersymmetry conditions. 
The differential conditions become 



V m 7/i 



7m75^i , (35) 



5 If an alternative decomposition of the Cliff(9, 1) generators is chosen (c.f. appendix[S}, then compatible 
with A ^ is the choice & = ±75 rji. 

6 Henceforth we omit the ± subscripts which are used to distinguish between bilinears of rji and bilinears 
of&. 
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while a set of reduced algebraic conditions is 

= dmA^rji — Vi + -77^75^ + 2A 75 ^ (36a) 

o 10 

= d m <P 7 m r/i + ~^—Vi + ^p75^ • (36b) 

From (135p we find 

ds = , da = - (^e* 4 + 4A) V 4 (37) 
and thus we can set s = 1. Since s = ||^ + || 2 + ||^ r || 2 we introduce the parametrization 

||77+|| 2 = cos 2 (#/2), ||r/r|| 2 = s in 2 (0/2), e (0,tt/2) . (38) 



It follows that s = ||^ + || 2 — ||?7j || 2 = cos8. From the algebraic conditions (I36ap and (I36bj) 
we then obtain 

-2m e* 1 cos 9 + 3// e* 4 + 32A = (39a) 
10me* 1 cos# + /ie* 4 = . (39b) 

These relations lead to /ie* 4 = — 10A and me* 1 cosO = A. Therefore 

A— | + e (40) 

where c is a constant. Since $1 = 50/4 + A = 60/5 we deduce 

c \ -5/6 

em „\ /, s 

— costfj . (41) 

With the above values, the conditions (I36a[) and ( I36bl) become identical. In addition we 
derive =SfyA0 = 0. The differential condition simplifies further and becomes 

3A 

V m 7/i = — —im^rii . (42) 

This implies that M4 is an Einstein manifold with Ricci tensor Ric = 3 ■ (3A) 2 g. We 
recognise that fj42|) is the standard Killing spinor equation admitting an S A as solution (c.f. 
[22J). Below we show that indeed the local Einstein metric on the round S A is the unique 
solution to this equation. For the 1-form bilinears, equation ()42l) yields 



3A 3A 
V m V n A = — Jl , V m V: = -— g mn cos 9 . (43) 
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In particular, the vector-duals of V A are Killing vectors whereas the vector-dual of is a 
conformal Killing vector. Taking into account the expressions of J A (116bl) in terms of V a 
and the differential equation d cos 9 = 6AV 4 obtained earlier, we derive 



dV A = }^L l _ e ABCyB A yC_ 1 yA ^ Q) ^ 

sin 9 2 sin 9 



Setting 



12A 

ff n = — ■ 

the above equation becomes 



o A ^-^V\ (45) 
sin 9 



da A = - l -t ABC a B Aa c . (46) 
We can thus identify a A as the left-invariant forms on S 3 

a l + ia 2 = e'^idtf + i sini?d0) , <t 3 = dip + cosi?# . (47) 

The dual Killing vectors V A which obey the su(2) algebra0 

[V A , Vf] = -3A e ABC Vf (48) 

are identified as the generators of SU(2)r. In particular, the Killing spinor iji transforms 
under su(2)r as 

3A 

^vfVi = T Y^H * , (49) 
where if^A is the spinorial Lie derivative 

se V A = v Am v m + \w^ An] lmn . (so) 

The metric on M 4 constructed out of the orthonormal frame 

e 4 = ^-d9 , e A = — sin 9a A (51) 
3A 6A v ; 

defined by V a takes the form 

1 



ds 2 - 1 



: " (3 A) 2 



d9 2 + -sm 2 9^{a 



A\2 

A" 

A 



(3A) 



, (52) 



7 More accurately it is — jtViA that obey the canonical su(2) commutation relations and generate the 



3A y i 

right action of SU{2). 
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where \ Y2a(® A ) 2 * s the roun d metric on S 3 . The complete 10-dimensional solution reads 

c \ -5/6 

6 771 \ 

— — cos 9 \ (53a) 

G = — — e~ 2 ^ 5 sin 3 9 d9 A vol S 3 (53b) 

12 (3A) 3 6 V ; 

ds 2 10 = ^ /W J^ {^4ds 6 + ^} , (53c) 

where V0I53 is the volume element of the unit 3-sphere and ds\ dS is the line element of unit 
AdS6- The AdS6 x w S" 4 solution as presented here has the same form as in [17] upon 

9 ->7r/2 - 9 , A = e c m, m -> m/2 (54) 

and as in [13] upon transforming the metric to the string frame g string = e^^ 2 g Einstein and 

9 ->• tt/2 - a , m -> m/2 , |1 = Q4 /10 C" 1/5 , (55) 

where we have set the string length l s — 1. 

As discussed in [13], this solution has a boundary at 9 = tt/2, corresponding to the 
equator of S A . Hence M4 is a hemisphere, the boundary equator of which was identified in 
[13J with an orientifold plane. We note that at the (north) pole, corresponding to 9 = 0, one 
chiral component of the spinor rji vanishes, while on the equator, corresponding to 9 = tt/2, 
the chiral components of rji have equal norms. 

In the frame fl5"T]) and upon substituting the value of the dilaton, the algebraic condition 
(136bj) becomes 

|(1 + sin #74 — cos #75)771 = . (56) 

The operator acting on r]i has the properties of a projection operator, reducing the inde- 
pendent components of rji by half. In particular, in the representation 

*=U oj- ™=U* J (57) 

of the generators of Cliff (4, 0) , the condition (156]) becomes 

r]- cos(#/2) = -77+ sin(0/2) . (58) 
Taking into account ( 158]) . and in the frame (|5ip . one can solve the Killiing spinor equa- 
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tions (|42p and recover all the Killing spinors. We find 



r]t = cos(£/2) U , Th=- sin(0/2) \JJ (59) 

where l\ and £2 are complex constants. Accordingly, the components of the ten-dimensional 
Killing spinor 

2 

e = ^)Vi®»7i (60) 
i=i 

(where ^ are the Killing spinors on AdSg [22J) are reduced by half i.e. e has 16 real 
independent components, in accordance with the number of supercharges of the F(4) su- 
peralgebra. Moreover, since the spinors T]i transform in the (2, 1) representation of the 
5*0(4) ~ SU{2) R x SU(2) isometry subgroup, one can consider orbifolds S 4 /T where T is 
an ADE subgroup of SU(2) C SO (4), without furher breaking supersymmetry. An explicit 
example is a Z n quotient acting on the coordinate ip introduced in ( 147|) . which leaves su- 
persymmetry intact since the Killing spinors (159]) do not depend on if). It is interesting to 
note that in this case one might consider turning on a RR two-form flux F = dA through 
the vanishing S 2 proportional to mB, so that B' = - see equation ( l3aT) . This is a "flat" 
deformation of the geometry, that does not alter the form of the metriqj. 



6 Conclusions 

In this note we have performed a systematic analysis of general supersymmetric AdSg 
backgrounds of massive type IIA supergravity. We have established the uniqueness of 
the AdS6 x w S* 4 solution of [13], and certain orbifolds, and discussed its supersymmetric 
properties. Although the present work does not exclude the existence of supersymmetric 
AdS 6 vacua in other supergravity theories, it suggests a scarcity of such backgrounds. In 
particular, we do not expect that supersymmetric AdSg solutions can be found in type IIA 
or eleven dimensional supergravity. 
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A Spinors and Clifford algebras 
Clifford algebra and spinors in 4 dimensions 

The (complex) Clifford algebra in four Euclidean dimensions Cliff (4, 0) is isomorphic to the 
matrix algebra of 4 x 4 complex matrices Mat 4 (C). The generators of Cliff(4, 0) satisfy 
{7a, lb} = 25 a & and are chosen so that 7 a = 7 a . The chirality operator is 75 = 71727374 and 
has the property t| = I. The intertwiners that relate the representations {ja, 7J, 7a} of 
Cliff(4, 0) are 

C 4 7 a Q 1 = 7a T , B A 7 a = ll ■ (61) 

They satisfy C 4 = — Cj, -B4-B4 = —I and are related as C 4 = -Bj. 

Under Spin(4) C Cliff(4, 0) an irreducible representation of Cliff (4, 0) (Dirac spinor) 
decomposes into two irreducible Spin(4) representations of opposite chirality (Weyl spinors). 
The charge-conjugate rf of a spinor r\ is defined as rf = B± l rf and obeys the relation 
rf c = —rj. Setting rji = rj and r] 2 = rf , the aforementioned relation can be summarised as 

Vi = EjCij ^ (62) 

where is antisymmetric in i,j and e i2 = 1. This symplectic-Majorana property is com- 
patible with the chirality condition. 

Clifford algebra and spinors in 5+1 dimensions 

The (complex) Clifford algebra in 5 + 1 dimensions Cliff (5, 1) is isomorphic to the matrix 
algebra of 8 x 8 complex matrices Mat 8 (C). The generators of Cliff (5, 1) satisfy {7^,7,3} = 
2r] a i3 and are chosen so that 7^ = 7o7a7o- The chirality operator is 77 = 707172737475 and 
has the property 77 = I. The intertwiners that relate the representations {7^, — 7J , 7*} of 
Cliff(5, 1) are 

C 6 7. CV 1 = -<£ , B 6 la = 7; • (63) 

They have the properties Cq = Cj, BqBq = —I and are related as C$ = BJ'Jq. 

Under Spin(5, 1) C Cliff (5, 1) an irreducible representation of Cliff (5, 1) (Dirac spinor) 
decomposes to two irreducible Spin(5, 1) representations of opposite chirality (Weyl spinors). 
The charge-conjugate ip c of a spinor ip is defined as i[) c = B^ l i[)* and obeys the relation 
ip cc = Setting ipi = ip and ip2 = \ the aforementioned relation can be summarised as 

^ = EjCij ^ • (64) 
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This symplectic-Majorana property is compatible with the chirality condition. 
Clifford algebra and spinors in 9+1 dimensions 

The (complex) Clifford algebra in 9 + f dimensions Cliff (9, 1) is isomorphic to the ma- 
trix algebra of 32 x 32 complex matrices Mat32(C). The generators of Cliff (9, 1) sat- 
isfy {r^, r^} = 2i]ab and are chosen so that T\ = roT^To. The chirality operator is 
Tn = ToTi . . . Tg and has the property = I. The intertwiners that relate the represen- 
tations {T A , -Fl, T* A } of Cliff(9, f ) are 

Cio T,4 C^ 1 = — r A , B 10 Ta B^q = T* A . (65) 

They have the properties C w = —C[ , B* B W = I and are related as C w = Bj T . 

Under Spin(9, f ) C Cliff(9, f) an irreducible representation of Cliff (9, 1) (Dirac spinor) 
decomposes to two irreducible Spin(9, 1) representations of opposite chirality (Weyl spinors). 
Consistent with the chirality condition is the Majorana property e* = B 10 e. 

Cliff (9, f ) ~ Cliff(5, f ) <g> Cliff(4, 0) decomposition 

The generators of Cliff (9, 1) are decomposed as 

r a = 7 a <g> 75 and T a+5 = I (g) 7 a . (66) 

where a G {0, . . . , 5} and a G {1,2,3,4} are tangent space indices. Accordingly, the 
decomposition of the intertwiners is Cw = C§®Ci and -Bio = B§® B<± and of the chirality 
operator r n = 7 7 <8> 75. There is also an alternative decomposition T a = 7 Q ® I and r a+5 = 
77 <S> 7a which is related to the above via a similarity transformation U = P_ <8> 75 + P + <E> I 
where P± = |(I ± 77). 

B Spinor bilinears of Cliff(4, 0) 

The algebra Cliff (4, 0) is spanned by the elements {I, j a , jab, labc, labcd}, which are subject 
to the relations 

labc ^abcdl 75 i la T^^abcdl 75 i lab ^J^abcdJ 75 • (^7) 

The relation C 4 = Bj leads to 

2 
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Bilinears of the form ipfC^^Xk obey the reality conditions 



[ll>T C 4 7(n)X2)* = -1p2 C il(n)Xl , {ll>T C47(n)Xl)* = C 4 7(„)X2 



(69) 



Furthermore, the transposition identity 



(C 4 7 ai - a ") T = -(-l) n ( n - 1 )/ 2 C 47 ai - a " 



(70) 



which follows from the properties of C4, yields 

tfC, 1[n)Xk = (tfC 4l(n)Xk ) T = -(-l) n(n - 1)/2 X^47(n)^ • (71) 
The Fierz identity for Cliff (4, 0) reads 

X^ = \{^X + 7a ^VX - Ty lab ~ 7a75 ^'flfbX + 75 ^ + 75X) • ( 72 ) 
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